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Abstract— A synthesis method of wideband cross-coupled res-
onator filter with inductive and capacitive coupling components
is presented using similarity transformation. The synthesized
admittance matrix can fully represent the frequency-dependent
characteristics of the J-inverters that are used to implement the
coupling components. All negative inductive-coupling elements
obtained from the conventional wideband filter synthesis method
can be transformed to positive capacitive coupling elements by
solving the equation derived from similarity transformation,
so that the resulted admittance matrix can be directly imple-
mented using lumped elements. All values of the lumped elements
can be calculated without any optimization. A third-order triplet
with fractional bandwidth (FBW) of 50% and one transmission
zero (TZ) in the lower stopband and a fourth-order quadruplet
with FBW of 50% and two symmetric TZs are synthesized to
demonstrate the proposed method.

Index Terms— Admittance matrix, lumped element, simi-
larity transformation, synthesis method, wideband bandpass
filter (BPF).

I. INTRODUCTION

WIDEBAND bandpass filter (BPF) is an essential
component in wideband receiver systems [1], [2].

Numerous wideband BPFs using different topologies and
design methods have been proposed in past years [3],
[4], [5], [6], [7], [8], [9], [10], [11]. Due to the reason that
the constant coupling coefficient in a coupling matrix is met
only at the center frequency during circuit implementation,
the classic matrix synthesis method proposed in [12] and [13]
are, all most effective for narrowband filters. The frequency-
dependent coupling (FDC) in the synthesized coupling matrix
in [14], [15], [16], and [17] can be implemented by parallel
connected π -networks of capacitors and inductors, however,
these methods are also only effective for narrowband filters.

To synthesize wideband BPF with a given filter specifica-
tion, many new synthesis methods have been proposed in the
past years [3], [4], [5], [18]. In [18], a synthesis method for
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TABLE I
RELATIONSHIP BETWEEN FILTER RESPONSE,

TOPOLOGY, AND NEEDED FDC

lumped element BPF is proposed on the basis of the FDC
matrix. This method is, however, only effective for filters with
moderate fractional bandwidth (FBW). In [3], polynomial and
coupling matrices for wideband BPF are synthesized directly
in the bandpass domain with inductive FDC. This method is
applicable to filters with arbitrary bandwidth, however, the
FDC in this method is only limited to either positive or
negative inductive FDC. There still remains a challenge that
the resulting coupling matrix may be physically unrealizable
when both negative and positive FDC components exist in the
synthesized coupling matrix.

Table I shows the classic topologies to implement the
wideband BPF with different transmission zero (TZ) locations
at the lower stopband, upper stopband, or two sides of the filter
passband. For a third-order BPF with one TZ at the upper stop-
band (Case I in Table I), only positive inductive FDC 1/(ωL) is
needed [3], and the FDC of 1/(ωL) represents the J -inverter
with a value of 1/(ωL) which can be theoretically realized
using a π -type inductor network [19]. However, when there
is a TZ located at the lower stopband as Case II and Case III
in Table I, inductive FDC of −1/(ωL) exists in the coupling
matrix which has a negative sign. This FDC of −1/(ωL) rep-
resents a J -inverter with a value of −1/(ωL) which cannot be
directly implemented with practical lumped elements. Similar
challenges exist for higher-order filters as well. Due to these
physically unrealizable coupling, the synthesized BPF cannot
be physically implemented using lumped elements.

In this letter, a lumped element synthesis method for cross-
coupled wideband BPF with inductive and capacitive FDC is
proposed for the first time. The negative FDC of −1/(ωL) can
be transformed into a positive capacitive FDC of −ωC . Note
that the FDC of −ωC represents a J-inverter with a value of
J = ωC , and can be realized by π -type capacitor network
[19]. With this transformation, the synthesized admittance
matrix for the wideband filter can be directly implemented
using lumped elements.
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II. SYNTHESIS OF THE THIRD-ORDER AND
FOURTH-ORDER BPF

A. Synthesis of Third-Order BPF With One TZ at the Lower
Stopband

To synthesize a wideband BPF with TZ at the lower
stopband as the Case II in Table I, the synthesis process begins
with the synthesized folded admittance matrix expressed as (1)
using the synthesis method proposed in [3]

(1)

where Mi i (i = 1, 2, 3) is the self-coupling of resonator i and
Mi j (i, j = 1, 2, 3, i ̸= j) represent the coupling between
resonator i and resonator j . It has

Mi i = ωC ′

i − ω′2
i /ω, M12 = 1/ωL ′

12,

M23 = 1/ωL ′

23, M13 = −1/ωL ′

13 (2)

where C ′

i = 1 F (i = 1, 2, 3) and ω′2
i = 1/L ′

i which is the reso-
nant frequency of the i th resonator. C ′

i and L ′

i are capacitance
and inductance of the parallel resonators, L ′

i j is the needed
coupling inductance in the actual circuit and it has L ′

12 = L ′

23.
Investigating the matrix in (1), the FDC of 1/(ωL ′

12) and
1/(ωL ′

23) for M12 and M23 can be represented and imple-
mented using inductive lumped J -inverters with the value
of 1/(ωL ′

12) and 1/(ωL ′

23) [19]. However, the component of
−1/(ωL ′

13) for M13 cannot be implemented using any physical
inductive or capacitive lumped J -inverter. To implement this
negative FDC, the negative inductive coupling −1/(ωL ′

13)
need to be transformed into a positive inductive coupling
1/(ωL ′

13) or capacitive coupling −ωC ′

13(J = ωC ′

13). To solve
this problem, a similarity transformation is performed to (1)
by A2 = TA1T T, where the orthogonal matrix T is defined as

T =


1 0 0 0 0
0 1 0 0 0
0 0 1 Pm 0
0 0 0 c1 0
0 0 0 0 1

 (3)

where Pm and c1 are two real variables. The resulting new
matrix A2 can be obtained as

A2 =



− j M ′

S1 0 0 0

M ′

S1 ω −
ω′2

1
ω

1
ωL ′

12

k13

ω
0

0
1

ωL ′

12
ω −

ω′2
2
ω

Pm · ω +
k1

ω
0

0
k13

ω
Pm · ω +

k1

ω
k2ω +

k3

ω
c1 M ′

3L

0 0 0 c1 M ′

3L − j


(4)

where

k1 = c1/L ′

23 − Pm · ω′2
2 , k13 = Pm

/
L ′

23 − c1
/

L ′

13

k2 = Pm2
+ c2

1, k3 = 2c1 Pm
/

L ′

23 − Pm2ω′2
2 − c2

1ω
′2
3 .

Investigating (4), in order to make the coupling M23 in (4)
simple and physically realizable, the coefficient for 1/ω of
M23 in (4) needs to be 0, while the coefficient of 1/ω of M13

in (4) needs to be larger than 0. This leads to the conditions
as

−Pm · ω′2
2 + c1

/
L ′

23 = 0 (5)
Pm/L ′

12 − c1/L ′

13 > 0. (6)

Once (5) and (6) are satisfied, the couplings in the resulting
matrix are all pure inductive couplings and pure capacitive
couplings. The value of Pm is solved by (5) and c1 can be
arbitrarily chosen to satisfy (6), and it has

Pm = c1
/(

ω′2
2 L ′

23

)
. (7)

As a result, the new admittance matrix A2 in (4) has

k1 = 0, k13 = c1
/(

ω′2
2 L ′2

12

)
− c1

/
L ′

13

k2 = c2
1

/(
ω′4

2 L ′2
12

)
+ c2

1, k3 = 1
/(

ω′2
2 L ′2

12

)
− ω′2

3 . (8)

From (4), (7) and (8), it can be found that all the inductive
coupling components are positive while the capacitive cou-
pling components are negative, so they can be now practically
implemented using lumped elements.

To further reduce the circuit complexity, the external cou-
pling of M ′

S1 and M ′

3L in the coupling matrix can be scaled to
1 by performing a similarity transformation of A3 = Ts A2T T

s
[10], where Ts is a scaling matrix defined as

Ts = diag
(

1, 1/M ′

S1,
√

C2, |1/
(
c1 M ′

3L

)
|, 1

)
(9)

and C2 is the specified capacitance of the second resonator.
The resulting admittance matrix can be expressed as

A3 =



− j 1 0 0 0

1 ωC1 −
1

ωL1

1
ωL12

1
ωL13

0

0
1

ωL12
ωC2 −

1
ωL2

−ωC23 0

0
1

ωL13
−ωC23 ωC3 −

1
ωL3

−1

0 0 0 −1 − j


(10)

where the capacitance and inductance can be calculated as

C1 =
1

M ′2
S1

, C3 =
1 + ω′4

2 L ′2
12

ω′4
2 L ′2

12 M ′2
S1

, L12 =
M ′

S1L ′

12
√

C2

L1 =
M ′2

S1

ω′2
1

, L2 =
1

ω′2
2 C2

, L3 =
M ′2

S1ω
′2
2 L ′2

23(
1 − ω′2

2 L ′2
23ω

′2
3

)
L13 =

M ′2
S1|c1|ω

′2
2 L ′2

12L ′

13

c1
(
L ′

13 − ω′2
2 L ′2

12

) , C23 =
c1

√
C2

ω′2
2 L ′

12 M ′

S1|c1|
. (11)

With the admittance matrix in (10), the circuit schematic of
the proposed wideband BPF can be directly implemented and
is shown in Fig. 1(a) [19], [20]. The resonator 1 and 3 are
connected to the source and load directly, respectively, since
M ′

S1 and M ′

3L have been transformed to 1 or −1 in (10), which
significantly reduces the circuit complexity.

As a numerical example, a third-order wideband BPF with
fL at 0.9 GHz, fH at 1.5 GHz (where fL and fH are
the lower and upper cut-off frequencies of the passband,
respectively), one TZ at 0.6 GHz, and return loss of 20 dB
is synthesized following the proposed procedure. The final
synthesized element values are given in Table II according
to the calculated parameters in (11). Note that the values in
Table II are normalized at the input and output impedance
of 1 �. With the coupling matrix in (10) and components
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Fig. 1. (a) Circuit of synthesized third-order wideband BPF with one
capacitive coupling. (b) Comparison between responses of synthesized matrix
and the synthesized corresponding circuit of (a).

values from Table II, the physical circuit can be then directly
implemented using lumped elements as given in Fig. 1(a).
The negative components of the J -inverters in Fig. 1(a) can
be absorbed by adjacent resonators. The responses of the
synthesized matrix and the simulated results of the lumped
element circuit are shown in Fig. 1(b). Both results agree
excellently with each other, validating the advance of the
synthesized matrix using the proposed method.

B. Synthesis of Fourth Order Wideband BPF With Two TZs
Similarly, the proposed method can be applied to higher-

order filters. For demonstration purposes, a fourth-order wide-
band BPF with two symmetry TZs in the upper and lower
stopband as Case III in Table I is synthesized here. First, the
initial matrix can be synthesized using the classic synthesized
method for wideband filter [3] as

B1 =



− j M ′

S1 0 0 0 0

M ′

S1 ω −
ω′2

1

ω

1
ωL ′

12
0 −

1
ωL ′

14
0

0
1

ωL ′

12
ω −

ω′2
2

ω

1
ωL ′

23
−

1
ωL ′

24
0

0 0
1

ωL ′

23
ω −

ω′2
3

ω

1
ωL ′

34
0

0 −
1

ωL ′

14
−

1
ωL ′

24

1
ωL ′

34
ω −

ω′2
4

ω
M ′

4L

0 0 0 0 M ′

4L − j


.

(12)

As previously discussed, the negative coupling component of
−1/(ωL ′

14) and −1/(ωL ′

24) cannot be directly implemented
using lumped elements. In order to get the matrix without
negative inductive coupling, the similarity transformation pro-
cess similar to Section II-A can be applied. The similarity
transformation of B2 = TB1T T can be used, where the
orthogonal matrix T is defined as

T =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 Pg 0
0 0 0 1 Pn 0
0 0 0 0 c1 0
0 0 0 0 0 1

. (13)

To eliminate the negative inductive coupling component, the
following conditions need to be satisfied:

−Pg · ω′2
2 + Pn/L ′

23 − c1/L ′

24 = 0 (14)

−Pn · ω′2
3 + Pg/L ′

23 + c1/L ′

34 = 0 (15)
Pg/L ′

12 − c1/L ′

14 > 0. (16)

TABLE II
ELEMENT VALUE OF SYNTHESIZED MATRIX OF CONFIGURATION (10)

Fig. 2. (a) Schematic of fourth-order filter (all negative elements have been
absorbed to the adjacent resonators, C1 = 5 pF, C2 = 4.5 pF, C3 = 2.68 pF,
C4 = 3.4 pF, L1 = 5.49 nH, L2 = 11 nH, L3 = 5.49 nH, L4 = 3.96 nH, L12 =

7.95 nH, L23 = 9.26 nH, C34 = 2.3 pF, L14 = 69.8 nH, C24 = 0.46 pF. And
the input and output impedance are de-normalized to 50 �). (b) Comparison
between the response of synthesized matrix and the synthesized circuit of (a).

The value of pn and Pg can be solved by (14) and (15) as

Pg =
L ′

23c1
(
L ′

23L ′

34ω
′2
3 − L ′

24

)
L ′

34L ′

24

(
1 − ω′2

2 ω′2
3 L ′2

23

)
Pn =

L ′

23c1
(
L ′

23L ′

24ω
′2
3 − L ′

34

)
L ′

34L ′

24

(
1 − ω′2

2 ω′2
3 L ′2

23

) . (17)

After scaling the external coupling of M ′

S1 and M ′

4L , the final
admittance matrix can be obtained as

B3 =



− j 1 0 0 0 0

1 ωC1 −
1

ωL1

1
ωL12

0
1

ωL14
0

0
1

ωL12
ωC2 −

1
ωL2

1
ωL23

−ωC24 0

0 0
1

ωL23
ωC3 −

1
ωL3

−ωC34 0

0
1

ωL14
−ωC24 −ωC34 ωC4 −

1
ωL4

1

0 0 0 0 1 − j


(18)

where

C1 =
1

M ′2
S1

, L1 =
M ′2

S1

ω′2
1

, L2 =
1

ω′2
2 C2

, C24 =
Pg

√
C2

M ′

S1|c1|

L3 =
1

ω′2
3 C3

, C4 =

(
Pg2

+ Pn2
+ c2

1

)
M ′2

S1|c1|
2

, C34 =
Pn

√
C3

M ′

S1|c1|

L12 =
M ′

S1L ′

12
√

C2
, L23 =

L ′

23
√

C2
√

C3
, L14 =

L ′

12L ′

14 M ′2
S1|c1|

PgL ′

14 − c1L ′

12

L4 = M ′2
S1|c1|

2
(

1
ω′2

4 c2
1

−
L ′

24

c1 Pg
−

L ′

34

c1 Pn

)
. (19)

From (18) and (19), it can be found that all the negative
inductive couplings have been eliminated and the matrix can
be directly implemented using the lumped circuit.

As an example, a fourth-order wideband BPF with fL =

0.9 GHz, fH = 1.5 GHz, two TZs at 0.6 and 1.8 GHz, and
a return loss of 20 dB is synthesized using the proposed pro-
cedure. Fig. 2(a) shows the implemented circuit using lumped
components according to the matrix (18). Note that all negative
inductors and capacitors in J -inverters have been absorbed
by the adjacent lumped elements. Assuming that c1 = −1,
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Fig. 3. (a) Layout of the validation circuit of synthesized fourth-order
wideband BPF. (b) Measured, simulated, and synthesized S-parameters for
fabricated filter.

the final synthesized element values after de-normalization to
50 � and absorbing of negative elements are given in the
caption of Fig. 2. The response of the synthesized matrix and
the simulated results of lumped element circuit in Fig. 2(a) are
shown in Fig. 2(b). We can see that lumped circuit response
using synthesized values align well with the synthesized
matrix response at the full frequency domain which further
certifies the advance of the proposed synthesis method of the
lumped circuit for wideband BPF.

III. VALIDATION AND MEASUREMENTS

To validate the proposed synthesis method, the circuit of
the schematic in Fig. 2(a) is fabricated on a single-layer
substrate of Rogers4350B with εr = 3.66 and thickness
h = 0.508 mm. Fig. 3(a) shows the layout of the designed
circuit and the placement position of the lumped elements.
The photograph of the fabricated wideband BPF is given
in Fig. 3(b). Hollow 0603 HP inductors are used as the
fixed inductors and ATC600s capacitors are used as the
fixed capacitors.

Fig. 3(b) shows the comparison of the measured, EM simu-
lated, and synthesized S-parameters for the fabricated circuit.
As can be found, all results agree reasonably well with
each other, validating the proposed method. The measured
filter passband is from 0.85 to 1.53 GHz with an FBW of
57.1%. The measured return loss in the passband is better
than 11 dB and the minimum insertion loss is 0.54 dB.
TZs at 0.59 and 1.77 GHz are observed on both sides
of the passband.

IV. CONCLUSION

In this letter, a matrix synthesis method for third-order
and fourth-order wideband BPF is proposed for direct circuit
implementation using lumped elements. Using the proposed
method, the elements in the synthesized coupling matrix
can correspond to the values of capacitance and induc-
tance in the actual circuit without any optimization, which
simplifies the design process of wideband lumped element
filters. The detail synthesis method for a third-order filter
with one left TZ and a fourth-order filter with two TZs at
each side of the passband are given. Furthermore, a fourth-
order filter with FBW of 50% is designed and fabricated
according to the synthesized element value to demonstrate
the proposed method.
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